We study the system involving mutual interaction between three qubits and an oscillator within the ultrastrong coupling regime. We apply adiabatic approximation approach to explore two extreme regimes: (i) the oscillator's frequency is far larger than each qubit's frequency and (ii) the qubit's frequency is far larger than the oscillator's frequency, and analyze the energy-level spectrum and the ground-state property of the qubit-oscillator system under the conditions of various system parameters. For the energy-level spectrum, we concentrate on studying the degeneracy in low energy levels. For the ground state, we focus on its nonclassical properties that are necessary for preparing the nonclassical states. We show that the minimum qubit-oscillator coupling strength needed for generating the nonclassical states of the Schrödinger-cat type in the oscillator is just one half of that in the Rabi model. We find that the qubit-qubit entanglement in the ground state vanishes if the qubit-oscillator coupling strength is strong enough, for which the entropy of three qubits keeps larger than one. We also observe the phase-transition-like behavior in the regime where the qubit's frequency is far larger than the oscillator's frequency.
I. INTRODUCTION
The most fundamental model (known as the quantum Rabi model [1] ) describing light-matter interactions exists in the mutual coupling between a two-level system (or a qubit) and a harmonic oscillator. Such a model is of great use in fields ranging from quantum optics and quantum information [2] to condensed matter physics [3] . Typically, experimental implementations of the kind of such a model have been successful in many physical systems, such as QED cavities [4] , ion traps [5] , nanomechanical resonators [6] , solid systems [7, 8] , etc.
In traditional cavity quantum electrodynamics (QED) systems [9, 10] , the coupling between a two-level atom and the cavity field is relatively weak as compared to the atom's or field's frequency, thus the rotatingwave approximation functions well and the JaynesCummings (JC) model is valid [11] . Recently, experimental demonstrations associated with the qubit-oscillator system within ultrastrong coupling regime have been reported [12] [13] [14] [15] [16] [17] [18] [19] , for which the qubit-oscillator coupling rate reaches a significant fraction of the qubit's or oscillator's frequency and the JC model is no longer applicable, generating a plenty of fascinating quantum phenomena [20] [21] [22] [23] [24] [25] [26] .
A natural generalization of the Rabi model is to involve N qubits simultaneously interacting with a common harmonic oscillator, i.e., the Dicke model [27] [28] [29] , in which enormous interest has been devoted to investigating the dynamical behavior in the thermodynamic limit N → ∞, such as superradiance phase transitions and entanglement properties [30] [31] [32] [33] [34] . Although many mathematics * huaizhi.wu@fzu.edu.cn † zbyang@fzu.edu.cn approaches, such as adiabatic approximation [35, 36] and transformation method [37] , are presented to analytically treat the Rabi model and two-qubit Dicke model within the ultrastrong coupling regime , few existing theoretical approaches can be directly applied to treat the Dicke model involving a small number of qubits due to its non-integrability in the Hilbert space [57, 58] , which is believed to possess richer dynamics properties and more potential applications in quantum information processing than that in the Rabi model [59] . To our knowledge, the Dicke model with three or a little bit more qubits has not been extensively investigated. Recently, Tsomokos et al. analyzed a similar model and derived a low-energy Hamiltonian for the three qubits by adiabatically eliminating the resonator [60] . However, their approach does not apply in the ultrastrong-coupling regime, where the state of the resonator is strongly dependent on the state of the qubits. Braak [61] has analytically obtained the spectrum of the Dicke model with three qubits based on the formal but complicated solutions in the Bargmann space. We also achieved the approximately analytical ground state in the Dicke model with three qubits by using the transformation method [62] . Both of the studies [61, 62] mainly discuss the near-resonant mechanism where the oscillator's frequency is close to the qubit's frequency. Differing in such previous studies [61, 62] , we explore here two further regimes for the system of three qubits ultrastrongly coupled to an oscillator, i.e., the oscillator's frequency is far larger than each qubit's frequency (say, a high-frequency oscillator) and each qubit's frequency is far larger than the oscillator's frequency (say, three high-frequency qubits). We use the approach of adiabatic approximation in which the bias of each qubit is distinctly involved, and focus on analyzing their energylevel spectra and ground-state properties with the choice of various system parameters. For the energy-level spec- trum, we concentrate on studying the degeneracy in low energy levels. For the ground state, we obtain its nonclassical properties that are necessary for preparing the nonclassical states, including the squeezed state of the oscillator, the Schrödinger-cat state of the oscillator, the qubit-oscillator entangled state, and the qubit-qubit entangled state. Different from the Rabi model [56] , the qubit-oscillator coupling strength needed here for generating nonclassical states of the Schrödinger-cat type in the oscillator is much smaller. Particularly, we find that the qubit-qubit entanglement in the ground state vanishes if the qubit-oscillator coupling strength is strong enough, in which the entropy of three qubits keeps larger than one. Interestingly, we observe the phase-transitionlike behaviors in the regime where each qubit's frequency is far larger than the oscillator's frequency [63] , which is very different from the phase transition found in the resonant regime [30] [31] [32] [33] [34] . Possible experiment realization of our generalized Dicke model with three high-frequency qubits or a high-frequency oscillator can be expected in the superconducting experiment [64] , where the flexibility of controlling kinds of system parameters allows one to unearth rich dynamics properties of the system within the ultrastrong coupling regime.
II. SYSTEM HAMILTONIAN
The quantum system we consider here is that three identical qubits couple to a common harmonic oscillator, as shown in Fig. 1 . The Hamiltonian of this qubitoscillator system is written as :
2 ,
σ xj andσ zj are the Pauli matrices (withσ zj |e j = |e j , σ zj |g j = −|g j ,σ xj |e j = |g j , andσ xj |g j = |e j ) of the jth qubit, where |e j and |g j are respectively the excited and ground states of the jth qubit, andx and p are respectively the position and momentum operators of the harmonic oscillator. ∆ and ǫ are the gap and bias characterizing each qubit. m is the effective mass of the oscillator with frequency w 0 , and g is the coupling strength between each qubit and the oscillator. The parameters ∆, ǫ, and g are assumed to be positive and real for convenience in the paper. We can also use the creation (â † ) and annihilation (â) operators to express the oscillator's Hamiltonian for convenience :Ĥ ho = w 0â †â ,
where the zero-point energy 1 2 w 0 inĤ ho is omitted, and
In the basis {|e j , |g j } of the jth qubit, the eigenenergies ofĤ qj are ±E q /2, where E q = √ ∆ 2 + ǫ 2 is the eigenenergy splitting of the bare qubit, and the energetic excited and ground states are respectively represented by | ↑ j and | ↓ j . The angle θ is introduced here and defined as tan θ = ǫ/∆, which denotes the relative size betweenσ xj andσ zj and will be used later. The eigenstates ofĤ ho are supposed to be the n-photon Fock state |n (n = 0, 1, 2, ...) with the corresponding eigenenergy n w 0 in the bare oscillator.
Since three qubits are equivalent, the system HamiltonianĤ is rotationally invariant which leads to a splitting of the eight-dimensional Hilbert space of the qubits into three irreducible components and ensuing degeneracies, on the basis of the formula
The three-qubit Dicke model is mathematically equivalent to two single-qubit Rabi models and a spin-3/2 system. However, this symmetry characteristic does not result in integrability because a spin-3/2 system has a fourdimensional state space and the nontrivial eigenstates cannot be labelled by a quantum number [61] . We remark that since the merit of our adiabatic-approximation method is to give the intuitive insight into the physics, the collective operators and nontrivial vectors for the qubit states are not used and the symmetry characteristic is included in the degeneracy analysis of eigenstates and eigenenergies after using adiabatic approximation in two following situations.
III. ADIABATIC APPROXIMATION FOR TWO EXTREME REGIMES
In the following section, we focus on exploring the qubit-oscillator system in two extreme regimes that can be analytically treated through the approach of adiabatic approximation.
A. High-frequency oscillator
The first extreme situation we study is that the oscillator's frequency is far larger than the qubit's eigenenergy splitting (i.e., w 0 >> E q ) as well as the coupling strength (i.e., w 0 >> g, λ), in which the oscillator approximately keeps in its energy eigenstate and adiabatically follows the changes induced by three qubits' states.
Based on the idea of adiabatic approximation [35, 56] , we assume that the jth qubit has a well defined value of σ zj , i.e.,σ z1 = ±1,σ z2 = ±1, andσ z3 = ±1. For simplicity, we define four collective-state symbols for three qubits: |A +3 (|A −3 ) represents that three qubits are all in their excited states |e 1 e 2 e 3 (ground states |g 1 g 2 g 3 ); |A +1 represents that one of three qubits is in its ground state and the other two qubits are both in the excited states, i.e., |e 1 e 2 g 3 or |e 1 g 2 e 3 or |g 1 e 2 e 3 ; |A −1 represents that one of three qubits is in its excited state and the other two qubits are both in the ground states, i.e., |e 1 g 2 g 3 or |g 1 e 2 g 3 or |g 1 g 2 e 3 . Therefore, when the qubits are in the state |A ±1 , the effective Hamiltonian for the oscillator is :
which is the same as that in the system with one qubit and one oscillator [56] . When the qubits are in the state |A ±3 , the effective Hamiltonian for the oscillator is :
which is interpreted as the original oscillator Hamiltonian with the term of a larger force applied, as compared to that applied in the system of one or two qubits interacting with an oscillator [56, 65] . The Hamiltonian in Eqs. (5) and (6) can be respectively transformed into Eqs. (7) and (8) : Four displaced oscillators are shifted to the left or right from the equilibrium position with a specific constant, where the shift direction is determined by the state of three qubits. The eigenstates (plotted with n no more than 2) that have the same value of n are degenerate for the states |A±1 (or |A±3 ), and have the symmetry divided by the origin point in horizontal axis.
The eigenstates ofĤ ho,|A±1 andĤ ho,|A±3 are the displaced Fock states [66] :
with the corresponding eigenenergies :
The above results can also be intuitively interpreted as the corresponding harmonic oscillator potentials in the position-momentum picture, as plotted in Fig. 2 . The eigenstates of the oscillator slightly rely on the states of three qubits, among which there exists special orthogonality, i.e., m −3 |n −3 = δ mn , m −1 |n −1 = δ mn , m +1 |n +1 = δ mn , m +3 |n +3 = δ mn , and Based on the eigenstates of displaced oscillator, we now turn to the qubits of the system. For a special value n in the displaced oscillator's state, we obtain an effective Hamiltonian for three qubits. There are eight qubit states for each value of n, then the effective HamiltonianĤ q,ef f is a 8 × 8 matrix expanded in the space Γ ≡ { |φ 1 , |φ 2 , |φ 3 , |φ 4 , |φ 5 , |φ 6 , |φ 7 , |φ 8 } ≡ { |eee |n +3 , |eeg |n +1 , |ege |n +1 , |gee |n +1 , |egg |n −1 , |geg |n −1 , |gge |n −1 , |ggg |n −3 }. By diagonalizinĝ H q,ef f in Γ, we obtain its eigenstates |φ qj and eigenenergies E qj (j = 1, 2, ..., 8):
where
Note that if three qubits are in the state |A +1 or |A −1 , there are three degenerate eigenstates forĤ q,ef f in any given value n of the oscillator. We emphasize that the results discussed here still hold even when λ ≥ w 0 [56] , under which the oscillator can be adjusted adiabatically to the slow processes governed by the gaps of non-degenerate eigenenergies. Especially, both the eigenstates and eigenenergies ofĤ q,ef f depend on the number of photons n in the oscillator, and the gap between any two non-degenerate eigenenergies decreases as a Gaussian function with increasing λ/( w 0 ) which becomes a constant when λ/( w 0 ) is large enough, indicating that eight eigenstates in Γ decouple with each other.
B. High-frequency qubits
The second extreme situation we study is that the eigenenergy splitting E q of each qubit is far larger than w 0 and λ, in which three qubits approximately remain in their energy eigenstates and adiabatically follow the changes induced by the slow oscillator. Similar to the adiabatic approximation discussed in Sec. IIIA, we assume that the oscillator has a well-defined value x of the position operator and deal with the effective Hamiltonian of three qubits [56] :
for which we obtain the eigenenergies as follows :
Since the eigenenergies of three high-frequency qubits depend on the position x of the oscillator, we now turn to the oscillator's effective potentials to gain more transparent physics. Acquiring new contributions from three qubits, the oscillator's effective potentials are obtained :
where V ef f,±1 and V ef f,±3 correspond to three qubits being in the states |A ±1 and |A ±3 , respectively. We remark that the effective potentials in Eqs. (20) and (21) are no longer the harmonic potentials, and the second terms in Eqs. (20) and (21) (20) and (21) can be approximated by:
The oscillator's effective potentials have two ways of being dependent on the states of three qubits. One way is that the location of the minimum potential deviates from the origin point with a quantity proportional to ǫ/E q . The other way is that the oscillator's frequency is renormalized depending on different states of three qubits: the oscillator's effective frequency increases when the number of qubits in the excited state is more than that in the ground state, while the oscillator's effective frequency is reduced when the number of qubits in the excited state is less than that in the ground state. Note that the variation in the renormalized oscillator's frequency caused by the state of three qubits is proportional to the difference between the number of qubits in the excited state and that in the ground state, which is impossible in the system of one oscillator with only one qubit [56] . Especially, when three qubits are in their ground states and
or one of three qubits is in its excited state and the other two qubits are in the ground states and
the renormalized frequency in Eq. (24) or (25) is mathematically imaginary, indicating that critical points emerge above which the qubit-oscillator system becomes instable. When |x| >> ∆/g, ǫ/g, the effective potentials behave well with the following ways:
Therefore, the assumption of three adiabatically adjusting qubits above the critical points is still valid. To see more abundant contents in the ultrastrongcoupling regime, i.e., above the critical points, we separate the discussions into two parts: ǫ = 0 and ǫ = 0.
For ǫ = 0, the effective potentials in Eqs. (22) and (23) turn into :
and
respectively. When three qubits are in the state |A −3 and with 6g 2 > mw 2 0 ∆, or in the state |A −1 and with 2g 2 > mw 2 0 ∆, say, above the critical point, V ef f,−1 or V ef f,−3 becomes a double-well potential. The locations of the minimum potential can be found through the mathematical derivations dV ef f,−1 /dx = 0 and dV ef f,−3 /dx = 0 :
Above the corresponding critical point, the locations of the minimum potential become :
with the minimum potential energies :
and the curvatures for both V ef f,−1 and V ef f,−3 are approximately equal to each other :
which is also equal to that of the free oscillator with g = 0 and that of the system with one qubit and one oscillator [56] . Based on Eqs. (36) and (37), we can estimate the energy space between the ground state and the first excited state above the corresponding critical point. For ǫ = 0, if the qubit-oscillator system is far below the critical points, from Eqs. (22) and (23), we suggest that ǫ slightly shifts the locations of the minimum in the single-well potenticals to the left or right; if the qubitoscillator system is far above the critical points, ǫ breaks the symmetry in the double-well potentials of the slow oscillator, inducing an energetic tendency to one of the four wells.
IV. NUMERICAL VERIFICATION
In this section, we perform the exactly numerical simulation for the system with three qubits and an oscillator under special regimes (i.e., w 0 >> E q and w 0 << E q ) to testify their properties of the energy-level spectrum and the ground state. The regime with the resonant situation (i.e., w 0 = E q ) will also be considered.
A. Energy-level spectrum
The energies of the lowest thirteen levels versus the qubit-oscillator coupling strength under the resonant situation (i.e., w 0 = E q ) are plotted in Fig. 3 . In Fig.  3(a) , we find when ǫ = λ = 0, the ground state is nondegenerate, and degeneracy degrees of the excited state from being low to high correspond to 4, 7, 8, 8, ... (the symbol "..." represents 8 all the time as the number of energy level increases which is not plotted here), respectively, and the space between neighboring energy levels is w 0 . If λ increases, the energy levels move up or down, and all energy levels form doubly degenerate including the ground state when λ becomes large enough, in which the space between neighboring energy levels is w 0 again. This result coincides with the symmetric structure of effective double-well potentials in Sec. IIIB. In Fig. 3 (b) and (c), we see when there is a bias ǫ (i.e., θ = 0) and λ is small, the energy levels still keep highly degenerate which is similar to the case of ǫ = 0 in Fig. 3(a) . However, when λ is large enough, the degeneracy of the energy levels vanishes and the space between neighboring energy levels varies with ǫ. This variation in energy level caused by ǫ indicates the asymmetry structure in effective double-well potentials.
In Fig. 4 , we plot the spectrums of the lowest eight energy levels versus the qubit-oscillator coupling strength under the situation with a high-frequency oscillator (i.e., w 0 >> E q ). We find that, when ǫ = 0, all energy levels form pairs and become doubly degenerate as λ becomes large enough, of which the energy gap is w 0 ; when ǫ = 0 and λ is large enough, the degeneracy in energy-level pairs vanishes and neighboring energy levels are separated by a quantity approximate to 3ǫ. This coincides with the result derived in Sec. IIIA. For each value of n and the large-λ limit, the oscillator's effective eigenenergy in Eq. (14) becomes a dominant component in the low energy levels, i.e., three qubits are in the states |A ±3 for the large-λ limit, producing the effective energy gap ∆ ef f = 3∆ √ l 2 + tan 2 θ ≃ 3ǫ (l → 0 for large-λ limit) in energy-level pairs. This is very different from that in the system of one oscillator with only one qubit [56] , in which the spaces between low energy levels are independent of the bias ǫ. In Fig. 5 , we plot the spectrums of the lowest eight energy levels versus the qubit-oscillator coupling strength under the situation with three high-frequency qubits (i.e., E q >> w 0 ). The most interesting effect emerges in the case with θ = 0. The ground-state energy maintains constant for 0 ≤ λ ≤ λ c , where λ c = √ w 0 ∆/(2 N j ) (N j = 3) is the critical point predicted for a vanishing w 0,±3 . When λ > λ c , the ground-state energy decreases indefinitely with increasing λ. Especially, the lowest eight energy levels come close to each other with increasing λ below the critical point λ c , and become doubly degenerate when λ is beyond λ c . For the case with θ = 0, there is no critical point in the ground-state energy any longer, and the lowest eight energy levels do not form doubly degenerate with increasing λ, between which the spaces are independent of θ.
B. Properties of ground state
In this section, we analyze the nonclassical properties of the ground state in our qubit-oscillator system under various combinations of system parameters, which are necessary for preparing the oscillator squeezed state, the oscillator Schrödinger-cat state, the qubit-qubit entangled state, and the qubit-oscillator entangled state in the ultrastrong coupling regime.
We first consider the Q function and Wigner function of the oscillator in the ground state of the qubit-oscillator system. The Q function is defined as :
where ρ osc = T r q {|Ψ GS Ψ GS |} is the oscillator's reduced density matrix through tracing out three qubits from the ground state |Ψ GS , and |X ± iP represent the coherent states |α with complex amplitudes α = X ±iP . The Wigner function is defined as :
where |X ± 1 2 X ′ represents the eigenstates of the position operator. We plot the Q and Wigner functions versus parameters X and P under different system parameters in Fig. 6 . The results illustrate that the oscillator's state is initially in a coherent state with no photons (the vacuum state), and becomes a qubit-oscillator entangled state with increasing λ. The negative value in the Wigner function implies that the nonclassical state of the oscillator, and the nonclassical property of the oscillator becomes more obvious when λ increases further, as the obvious interference-fringe-like pattern plotted in Fig. 6(f) .
The Schrödinger-cat-like state only appears when two peaks of the Wigner function in Fig. 6 separate completely between which there exist oscillations with alternating positive and negative values, showing the feature of quantum interference. From Fig. 6(e) , the nonclassical state of the oscillator first appears when λ ≃ w 0 in the three-qubit case, which is about one half of that in the single-qubit case [56] . From Fig. 6(f) , the minimum qubit-oscillator coupling strength needed to produce the Schrödinger-cat state for our three-qubit Dicke model is λ ≃ 1.25 w 0 . However, in the single-qubit case, the minimum qubit-oscillator coupling strength λ needed to produce the Schrödinger-cat stat is about 2.5 w 0 [56] , which is about twice as big as that in our three-qubit case. Different from the system of one oscillator with only one qubit [56] , the qubit-oscillator coupling strength needed here for generating the nonclassical states of the Schrödinger-cat type in the oscillator is much smaller, indicating that the qubit-oscillator coupling interaction is collectively enhanced as the number of qubits increases.
The intuitive quantifier for the squeezing in the oscillator's state is the set of two squeezing parameters in thê x andp quadratures, given by [56] :
where K equals to 2 /4 for a minimum-uncertainty state including the coherent and quadrature-squeezed states, while K is larger than 2 /4 for any other states including the Schrödinger-cat and qubit-oscillator entangled states. The momentum-squeezing parameter versus the qubit-oscillator coupling strength under different system parameters is plotted in Fig. 7 . The squeezing in oscillator's state increases with increasing λ for small λ and reaches a maximum, but returns to zero as λ increases further. This is because the ground state gets entangled in the ultrastrong coupling regime vanishing the squeezing. The maximum attainable squeezing is the biggest under the extreme mechanism ∆ >> w 0 and decreases with increasing ratios w 0 /∆ and ǫ/∆. We also obtain the numerical results for the parameter K, the behaviors of which versus the qubit-oscillator coupling strength are similar to that described in the system of one oscillator with only one qubit [56] .
Based on the above results, we know that the squeezed state can be achieved for moderate qubit-oscillator coupling, and the nonclassical state of the Schrödinger-cat type appears when the Wigner function is negative for relatively strong qubit-oscillator coupling. To make a clear distinction between the Schrödinger-cat state of The ground-state entanglement can be quantified by using the von Neumann entropy S of three qubits, which is calculated via the formula S = −T r{ρ q log 2 ρ q }, where ρ q = T r osc {|Ψ GS Ψ GS |} represents three qubits' reduced density matrix through tracing out the oscillator degrees of freedom. The entropy of three qubits versus the qubit-oscillator coupling strength is plotted in Fig. 8 , which shows when ǫ = 0, the entropy increases from zero to a value larger than 1, and the maximum attainable entropy reaches 1.1 in Fig. 8(b) . The von Neumann entropy S has a maximum value of log 2 D in a D-dimensional Hilbert space. In the case of three qubits, i.e., an eight-dimensional Hilbert space, the maximum value of qubit-entropy is S max = 3, which explains the behavior of qubit-entropy being not bounded by 1 in Fig. 8 meaning three qubits in the ground state can become a nonmaximally entangled state in the limit for large qubit-oscillator coupling. The interaction among these three qubits intermediated by the photons of the oscillator becomes much stronger as the qubit-oscillator coupling strength increases, explaining the increasing behavior of the three-qubit entropy in the ground state without ǫ. This is different from the system of one oscillator with only one qubit [56] , in which the maximum attainable entropy is 1.
For ǫ = 0, the maximum attainable entropy quickly drops to zero as λ becomes large enough, and never increases again even when λ increases further, indicating the fragility of the ground-state entanglement at such a condition. For the extreme situation with three highfrequency qubits plotted in Fig. 8(d) , we assume λ c as a reference point for measuring the coupling strength. Interestingly we find that, the onset of the qubits' entropy becomes suddenly increasing when λ is varied across the critical point λ/λ c = 1, and the phase-transition-like [63] curve in the entropy appears and becomes more sharp as the ratio w 0 /∆ is more close to zero, indicating the system is experiencing a sudden transition from an uncorrelated state to an intensively correlated one as the qubitoscillator coupling strength increases across the critical point. This phase-transition-like behavior probed by the entropy with only three high-frequency qubits loosens the requirement of employing an atomic ensemble for studying the quantum phase transition [27] [28] [29] [30] . Note that for non-zero ǫ, one of the wells is "deeper" in Fig. 2 , it indeed breaks the parity symmetry of our model and it is this parity that is spontaneously broken in the superradiant phase of the Dicke model.
To investigate the entanglement between any two qubits in the ground state clearly, we use the Wootters's concurrence C [67] to quantify the entanglement between any two qubits. The concurrence is defined as C = max{ 0, √ e 1 − √ e 2 − √ e 3 − √ e 4 }, where e 1 , e 2 , e 3 , and e 4 are four eigenvalues arranged in decreasing order of the auxiliary matrix ξ = ρ q23 (σ y ⊗ σ y ) ρ * q23 (σ y ⊗ σ y ) (We assume ρ q23 = T r 1 {ρ q } is the reduced density matrix for the qubits 2 and 3) and σ y is the corresponding Pauli matrix. The concurrence for the qubits 2 and 3 versus the qubit-oscillator coupling strength is plotted in Fig.  9 , which shows: (i) for the small λ, the concurrence increases with increasing λ and reaches to a maximum but then drops rapidly to zero and never increases again as λ increases further, meaning the entanglement between any two qubits vanishes if the qubit-oscillator coupling is strong enough; (ii) for ǫ = 0, the maximum attainable concurrence is the biggest in the regime w 0 >> ∆; and (iii) for ǫ = 0, the maximum attainable concurrence decreases with increasing ǫ, demonstrating the fragility of the qubit-qubit entanglement in the ground state.
The numerical results mentioned above demonstrate that the regime w 0 << E q is most suitable for preparing the squeezed states in the oscillator, and the opposite regime E q >> w 0 is most proper for generating the en- tangled states between three qubits and the oscillator. The nonclassical properties of the ground state are analyzed through different intuitive quantifiers, which are demonstrated to be highly susceptible to the variations in the bias parameter.
V. CONCLUSION
We have analytically explored two extreme situations in the system with three qubits interacting with an oscillator by using the approach of adiabatic approximation: one situation considers a high-frequency oscillator and the other one considers three high-frequency qubits. We also numerically calculate the energy spectra and groundstate properties for various combinations of the system parameters which strengthens the outcomes of our analytical derivations based on the adiabatic approximation. The nonclassical properties of the ground state are analyzed through different intuitive quantifiers, which are demonstrated to be highly susceptible to the variations in the bias parameter. Interestingly, we observe the phase-transition-like behaviors in the regime where each qubit's frequency is far larger than the oscillator's frequency, and find that the qubit-qubit entanglement in the ground state vanishes if the qubit-oscillator coupling strength is strong enough, in which the entropy of three qubits could keep larger than one. Different from the system of one oscillator with only one qubit, the minimum qubit-oscillator coupling strength needed to produce the Schrödinger-cat state is 1.25 w 0 , which is just one half of that in the single-qubit case. The phase-transition-like behavior is also found in the regime where each qubit's frequency is far larger than the oscillator's frequency.
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